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Abstract, We study the contribution of topologically non-trivial sectors to the vacuum
functional Z,, of a2 mode! of massive fermions in two dimensions. By using recent results
on non-minimal correlation functions we can write Z,, as a kind of sector expansion, In
this series, the contribution of each sector is given by integrals of minimal correfation
functions evaluated in the massless theory. Finally we comment on the application of our
result to the analysis of some special cases. In particular we briefly show that Colernan’s
equivalence between the massive Thirring and sine-Gordon models is not affected when
topology is taken into account.

Following the inspiring paper by Bardakei and Crescimanno [1], a systematic procedure
for the analysis of fermionic 2D models in topological backgrounds has been developed
 [2-4]. In particular, the minimal correlation functions first defined in {1}, have been

computed for Abelian (Thirring, Schwinger) [2, 3] and non-Abelian (QCD:) [4] models.
) In a more recent paper [5] the more complex non-minimal correlation functions [1]
have been explicitly evaluated. It has been stressed in [5] that these functions would
play a crucial role when considering massive fermions. In fact, in previous investigations,
only massless fermions were taken into account. In this condition it has been established,
as a general rule, that the partition function Z=EZy Zy (N indicates the topological
sector) receives the contribution of the N=0 sector only. This raises an interesting
question about the role that the fermion mass will play when computing the partition
function. In other words: will non-trivial sectors contribute to the massive partition
function Z,,? ’

The purpose of this work is to answer this question. To this end we have applied
the path-integral method of [5] to the model considered in [1] with massive fermions.
We have found that all topological sectors contribute to Z,, and we have obtained a
closed expression for each contribution in terms of the minimal functions corresponding
to the massless theory.

We start from the partition function

Zm=ZJDA,’fD‘? DY exp[—jdzx‘?(ia+m+4f”)‘{’} , N
N
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where ¥, ¥ are massive Dirac fermion fields coupled to an Abelian vector field which
carries a topological charge N. The partition function Z,, is then written as a sum over
all topological sectors.

Note that the massive Dirac operator in (1) does not have zero modes solutions
[6]. However, one can find a relation with the massless case by performing a perturbative
expansion in the mass. Indeed, writing the mass term as

mE(x)E(x) =m[S+(x) + S_(s)] 2
with

S+=F ¥z S-=¥.¥.
and

\y=($z) ¥=(¥:¥,)
we obtain

Za=2Z <exp (-—Jd%c m(S,+ S_))> ‘ (3)

0

where { o means v.e.v. with respect to the massless theory. The expansion in the mass
can then be written as:

o0 Je__ 1N/
Za=2, Y T g @
j=0 J:

where Zy=1, and to j=1:

Zy= <J (iljl dzxt) flj (S++S-)(xi)> . 7 (5

0

At this stage it becomes apparent that Z; will be a sum of minimal and non-minimal
functions [5]. To illustrate this point, let us write explicitly % :

= qd”xo d®x, d2x(Se+ S-Y (XS + S WS s +5-)(x2) >

0

= szxo d’x, d2x2[<S+(xo)S # (X185 4() > + S (x0)S-(x)S-(x2)>

+ 384 (x0) S (x1) S (x2) + 3{S-(x0)S-(x:)S+(x2) ]
= jdzxg d?x; dixaf. (X0, X1, x2) + o 3y (xp, X1, x2)

+3(AH 8y (X0, X1, X2} F A E1y(x0, X1, 22)]. (6)



Partition function for 2 massive fermions ‘ 925

In the above expression we have used the general definitions [1, 5]:
Mg (0. - 1 -1) =L} - Sulm=1)Do S D
Ay (Xo,s -« < s Xnt)
={SL(x)Sx(x1) . . . Sulem—1)82(xm) - - - SelX|M + 2nmiamy—1 )
Se(Xiqmem) - - Se(uat)de @

where the subscript (£|/¥|) denotes the topological sector that contributes to each
function. For minimal functions .# .|, , | N| has been shown to be equal to the number
of points [1, 2], whereas for the non-minimal correlations 4% x, the number of points
n is greater than |N|.

Now it is a simple exercise to write the jth contnbutlon 1o Z,, as:

Kin fl:l;d%xf [#;(xo,-- ) X-1) F Z )-/"’u zt)] @
for j=2 and
=Jd2x,u[(x) l '- v (10)
"with
i (Xos oo Xgm ) =l (X0 . oy Xy ) M (Xoa e e Xy ) (11)

Due to the presence of the integrals in the expansion of Z,,, by conveniently renam-
ing coordinates, one can relate the non-minimal function 4}, appearing in (9) with
the one obtained in [5] as follows:

J‘dsz P dzx]'... 1./1/“’(;_215)

+]j—2k
=Jd2xn...d2xJ |( 8_:; Zk:;)./f’r'f(j M)(xo,...,x,-_.,). (12)

From now on we will drop the first subscript | in the rus of (12).
Replacing (12) in (%) we obtain:

J=1
fzﬂj= E)dzx;[#j(xo, - ,xj_])

i\ 2+ 2K])
tE ~—k)(%(j—u 2!4)) ”"(x"""’x"“)]‘ 13

. In [5] we have shown that there exists a particular distribution for the topological
charge for which the non-minimal function A% —2y(Xo, . . . , x;-1 ), that appears in (13),
can be factorized in terms of minimal functlons A —u(X0, . .., Xjj-21-1) and fer-
mionic Green functions. The minimal correlations take into account the contribution
of the zero modes of the model.
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We obtain for the A4~ {j—zk)(xo, ..., X,;—1) functions the following form:
A Gaany Xy - - - 5 Xjot)

./ffu z,rc)(Xu,.._ Kg 2] - 1)
dﬁtg(lﬁ"l‘ﬂ’c)

where deto(if+ A”) is the determinant without zero modes with 4° carrying a charge
j—2k, and

X G2 Coy—zs -« - > Xyt (14)

G (x0, - - X)) =G (Xo, - . ., Xu) X FXo, . . -, Xaz) (15)

where G§ is a 2k-point amplitude for massless fermions (N=0 sector) and F is a
certain function which depends on the same coordinates as G5 . The explicit form of
F is rather involved and we do not reproduce it here. The interested reader can find it
in [5]. The relevant point here is that both factors in (14) (.# and &) are functions of
a different set of coordinates. This coordinate decoupling will enable us to rewrite (4)
in a more illuminating way. Indeed, by carefully analysing the contribution of every
topological secior to the term corresponding to each order in the mass expansion, we
shall be able to write Z,, in the form:

Zy=3Z. (16)
N
As all sectors contribute to one given order ", that is not, in principle, an easy

task. However (14) will greatly simplify this problem by allowing us to formally sum
the contributions of the non-topological G factors. Inserting (15) in (13) we get:

1 s(j+|j—2k
el LIS
A i g ooy X[j=2k]~1

Now we can replace {17) in (4) to obtain:

Zp= zo[1+r(m)+z(11) ’jdzxn...dzx;_ly;(xo,...,x,-—l)(l-!-f%f(m))]

i=]
(18)

where

w0 2k
l"(m)=k§! (,:1)2 -[d & x2k_1G )(JCo, ‘e ,xﬂc—l) (19)

and T(y) is given by (19) with G52 replaced by G5p’ (see equation (15)). We have also

defined :

M (Xos X)) | M (X0, Xim))
detd (iF+ 4°) det§™ 7+ 4°)

where det{?(i#-+ A °) is the fermionic determinant without zero modes and with 4°
carrying a charge i,

fi(x0y .. s X-1)= (20)



Partition function for 2D massive fermions ' 927

Now we can use the explicit form for .#; in order to show that i,/n; does not
depend on the coordinates ([S]): ’

-1

M=ot (7 + A°) HO Jac:— x| ™2 ’ (21)
J= i

We then have

— e — @)
B detP(I7+ A7)+ detd (7 + 47
and thus the massive partition function can be finally cast in the form:
GV ;( 2f'm) )
Z,=Zyl 1+T )+ Y ——m'{ 1 +— ———
z°[ L " M et gt
x Idzxo, R dzx,-_ly,-(xo,' cres Xiey ):,- (23)

This is our main result. We have been able to write Z,, as a sum of contributions,
each coming from one particular topological sector. This is in contrast with all previous
calculations for the massless case where Z is not modified by the presence of the
topological background. The price we have paid in order to get this sector expansion
is that now the dependence on the mass has become implicit through I'() and T'(m).
On the other hand the dependence on the topological sector is explicit now in terms of
integrals of minimal correlations. Note that ['(#), I'(m1) — 0 when m — 0, and we reob-
tain the massless result, as expected.

We want to stress here that although (23) was obtained for the model considered
in [1], the same procedure could be followed for other 2p models in order to get a
similar expansion. In particular for the massless Thirring model it has been shown that
all minimal functions vanish for any finite value of the couplnig constant [2]. This
means that for the massive Thirring model we shall have

Zzhirring=zm’=h[1 +r(m)] _ Zzhirring,N'=0- (24)

Therefore we see that for this particular model only the N =0 sector contributes to
the partition function, even in the massive case. This fact raises an interesting question
concerning the validity of the bosonization rules, relating the massive Thirring and sine-
Gordon models [7], when topology is taken into account.

Let us consider the sine-Gordon vacuum functional given by

Zs<;=% qubN cxp{—J-dzx [% (a,,¢N)2—a cos(ﬂqs,v)]} ) (25)

where topology is included By writing

én=ph(x)+9(x) : (26)
such that D¢y=De¢ and [ 8,8,¢5%=22N.
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" Performing an expansion in & and evaluating the resulting v.e.v.’s with respect to
the free bosonic model we obtain:

Zsc=KZ55° ] (27

where K=Zy is an infinite constant which can be absorbed as a normalization (it will
disappear when computing v.e.v.’s).

We then conclude that Coleman’s equivalence between the massive Thirring and
sine-Gordon models will hold when non-trivial topological sectors are taken into
account. ‘

A simifar analysis can be done for QED, with massive fermions (massive Schwinger
model [8]). In this case the minimal correlations are non-vanishing and thus a non-
trivial change will take place in Z,, [3]. As in the Thirring case, the equivalence between
this model and a massive sine-Gordon can be explored in this context.

Concemning the sine-Gordon action, the only change is the addition of a mass term
129 %. One can then follow the same steps that led us to (27). Thus, one obtains

Zsou=KZ85,. (28)
The Lagrangian density for massive QED; is given by
Pig+m+ed)¥+iF2,. : (29)
Specializing (4} for the corresponding vacoum functional we get
Zsctwon = Lschw,0 Z (-—m)"% (30)
j=0 J!

with Z; given by (9). For our present purpose it is convenient to rewrite 2 as
Fel j i
5” Hdle Z ( H-2y(X0y - o 5 Xj-1) (31)
i=0 K=o \f—k
where we have renamed y; in the form
=A% (32)

At this point we can extract the N=0 contribution from (31) by isolating the term
that corresponds to k=j/2:

P P e i, P ( / )./Vf

;= X; + X; —2k) - 33

P YR s k%?z j=k)T I =
J,

One can verify that the first term in the right-hand side of (33) when replaced in
(30) ailows us to obtain

-1 _m - ! f
Zschoran=Zomwm+ Zoimgn T E__)'[ IT &% ( / )Jf/{j-ﬂ:)- (34)

w0 i=0 j'c==0 _] k

Now we use the well known result for =0 [7, 8]:

ZSchw,m ZSG el (35)
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This, together with the fact that minimal and non-minimal functions are non-
vanishing for the massless Schwinger model [3], shows that Zgopw,» and Zgg,, cannot
be trivially identified when a topologically non-trivial configuration is present.

In summary, we have studied the contributions of topologically nontrivial sectors
to the vacuum-to-vacuum functional Z,, of 20 massive models. Our main result is given
by (23) which provides a sector expansion for Z,,. In this context, we have also discussed
how the presence of a classical background affects certain bosonization equivalences,
well established for N=0. In particular, we found that Coleman’s result [7] involving
the massive Thirring and massless sine-Gordon models remains valid even for N30
{equations (24) and (27)). On the contrary, the partition functions corresponding to
massive Schwinger and massive sine-Gordon models [7, 8] are not equal but differ by
a sum of minimal and non-minimal functions that picks up the contribution of every
non-trivial sector (equations (34) and (35)).
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